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We review studies of inelastic meson-meson scattering. In nonperturbative schemes
with chiral-perturbation-theory Lagrangians and in models based on effective meson
Lagrangians, inelastic meson-meson scattering leads to the successful identification of
resonances in meson-meson reactions, adequate inclusion of final state interactions in
particle decays, and so on. For mesons of which each consists of a quark and an antiquark,
inelastic meson-meson scattering may be caused by quark-antiquark annihilation, quark-
antiquark creation, quark interchange, and quark-antiquark annihilation and creation.
In transition amplitudes for meson-meson scattering mesonic quark-antiquark relative-
motion wave functions depend on hadronic matter, and transition potentials are given
in perturbative quantum chromodynamics. Via transition amplitudes the cross sections
for inelastic meson-meson scattering depend on the temperature of hadronic matter.
Some prominent temperature dependence of the cross sections has been found. Inelastic
meson-meson scattering becomes even more significant in proton-proton collisions and
lead-lead collisions at the Large Hadron Collider.
Keywords: inelastic meson-meson scattering; transition amplitude; T -matrix element;
hadronic matter.
PACS Nos.: 13.75.Lb; 13.85.Hd; 12.39.Pn; 12.39.Fe
1. Introduction
Meson-meson scattering is an important tool in studying resonances. Resonances
are produced by the strong interaction of the colliding mesons. This amounts to
two-to-one meson-meson scattering, for example, ππ → ρ and πK → K∗.
When the center-of-mass energy of two pions increases from the sum of two
pion masses, elastic pion-pion scattering takes place. When the energy exceeds the
sum of two kaon masses, a KK¯ pair may be produced and elastic KK¯ scattering
takes place. The scattering process becomes either elastic ππ scattering or elas-
1
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tic KK¯ scattering. The connection between elastic ππ scattering and elastic KK¯
scattering is the inelastic scattering ππ ↔ KK¯. A couped-channel formalism is the
appropriate framework for describing this meson-meson scattering. Inelastic two-to-
two meson-meson scattering is important in studying meson-meson scattering,1–3
photon-photon reactions,3–5 J/ψ decays,6, 7 etc.
Recently, the LHCb Collaboration at the Large Hadron Collider (LHC) has mea-
sured pp collisions to examine the symmetry under the combined charge-conjugation
and parity-transformation operations8–11 (CP) in the decays B± → π±π+π−,
B± → π±K+K−, B± → K±π+π−, and B± → K±K+K−. The CP asymme-
try observed in the decay modes is unexpectedly large in some kinematical regions
of the final mesons. The large CP violation has been attributed to weak interactions,
resonances of final mesons, and ππ ↔ KK¯.12
Quark-gluon plasmas are created in Au-Au collisions at the Relativistic Heavy
Ion Collider and in Pb-Pb collisions at the LHC. The plasmas eventually transform
into hadronic matter at the critical temperature. Hadronic matter changes until ki-
netic freeze-out occurs. The change of hadronic matter is governed by hadron-hadron
scattering. All possible hadron-hadron scattering occurs in hadronic matter. Many
experiments have been done for nucleon-nucleon collisions, pp¯ collisions, and meson-
nucleon collisions.13, 14 However, the role these collisions play in hadronic matter is
still largely unknown. Experimental data on inelastic meson-meson scattering are
scarce. Therefore, many hadron-hadron collisions in hadronic matter and even in
vacuum have to be studied theoretically. This is a huge task for theorists!
Mesons are the dominant species in hadronic matter. The usual scattering is two-
to-one meson-meson scattering and two-to-two meson-meson scattering. In lead-
lead collisions and in xenon-xenon collisions at the LHC, the meson momentum
measured by the ATLAS Collaboration, the CMS Collaboration, and the ALICE
Collaboration goes up to 1000 GeV/c.15–17 A meson of such large momenta in
collision with another meson in hadronic matter may yield three or more mesons.
Two-to-three meson-meson scattering affects the chemical equilibrium of hadronic
matter, and causes energy loss of the large-momentum meson. Therefore, we need
to study two-to-three meson-meson scattering in hadronic matter as well.
We review inelastic meson-meson scattering in vacuum and in hadronic matter.
Inelastic meson-meson scattering in the coupled-channel unitary approaches and the
inverse amplitude method are discussed in Sec. 2. Cross sections from effective me-
son Lagrangians are introduced in Sec. 3. We talk about meson-meson reactions in
Secs. 4-9 for the following processes: quark-antiquark annihilation, quark-antiquark
creation, quark-antiquark annihilation and creation, and quark interchange. A sum-
mary is given in the last section.
2. Inelastic Meson-Meson Scattering in Coupled Channels
Describing mesons as quark-antiquark currents, the most general effective La-
grangian that respects Lorentz invarinace, parity symmetry, and chiral symmetry
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was put forward by Gasser and Leutwyler in 1984.18 This is the Lagrangian of SU(2)
chiral perturbation theory (χPT). Including the strange quark, SU(3) χPT was es-
tablished in Ref.19 Furthermore, including the η′ meson, U(3) χPT was established
in Refs.20, 21 The χPT Lagrangians are given in powers of external momenta p and
quark masses. The Lagrangian to next-to-leading order in SU(3) χPT is
L = L2 + L4. (1)
The term L2 is of order p2, and is given by
L2 = f
2
0
4
< ∂µU
+∂µU +M(U + U+) >, (2)
where f0 is the pion decay constant, M is the quark-mass-dependent matrix,
1 and
the angular brackets stand for the trace of the quantity enclosed. The matrix U =
exp(i
√
2Φ/f0) displays the pseudo Goldstone boson fields by
Φ(x) =


1√
2
π0 + 1√
6
η π+ K+
π− − 1√
2
π0 + 1√
6
η K0
K− K¯0 − 2√
6
η

 , (3)
where x are the space-time coordinates. The term L4 is of order p4:
L4 = L1 < ∂µU+∂µU >2 +L2 < ∂µU+∂νU >< ∂µU+∂νU >
+ L3 < ∂µU
+∂µU∂νU
+∂νU > +L4 < ∂µU
+∂µU >< U+M +M+U >
+ L5 < ∂µU
+∂µU(U+M +M+U) > +L6 < U
+M +M+U >2
+ L7 < U
+M −M+U >2 +L8 < M+UM+U + U+MU+M >, (4)
where Lh (h = 1, · · ·, 8) are constants.
Usually two or three channels are considered in solving problems.1–7, 22, 23 For
example, the two-channel case is ππ → ππ, KK¯ → KK¯, and ππ ↔ KK¯, and the
three-channel case is πη → πη, KK¯ → KK¯, πη′ → πη′, πη ↔ KK¯, πη ↔ πη′, and
KK¯ ↔ πη′. Denote by N the number of channels involved. Elastic meson-meson
scattering is indicated by Ai+Bi → Ai+Bi with i = 1, ···, N . In the coupled-channel
unitary approaches one needs to calculate potentials from L2:
Vji =< AjBj | L2 | AiBi > . (5)
From the Lippmann-Schwinger equations the T -matrix elements for Ai + Bi →
Aj +Bj with j = 1, · · ·, N satisfy
Tji = Vji +
N∑
k=1
VjkGkkTki, (6)
where k = 1, · · ·, N , and Gkk are two-meson Green functions. Tji with j = i (j 6= i)
is the T -matrix element for elastic (inelastic) meson-meson scattering. Poles of the
T -matrix elements are identified as resonances.1 The T -matrix elements yield phase
shifts for elastic scattering and inelasticity for inelastic scattering.24 To generate
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all the resonances with isospin 0 and masses below 2 GeV, S-wave meson-meson
scattering for total isospin I = 0 and 1/2 of the two mesons is studied in Ref.25
with 13 coupled channels.
A multi-channel generalization of the inverse amplitude method was given in
Refs.26, 27 where the T -matrix is a N×N matrix. Due to the unitarity the T -matrix
is related to its inverse. Deriving the inverse from scattering amplitudes obtained
in χPT, the T -matrix elements acquire nonperturbative aspects which can produce
resonances, elastic phase shifts, and inelasticity of inelastic meson-meson scattering.
In some decays and reactions where mesons are final states, final state interac-
tions become appreciable and even important.28, 29 To facilitate studies of these de-
cays and reactions, experimental data on some meson-meson scattering amplitudes
are parametrized.30–32 For example, a study of ππ → KK¯ scattering by means
of partial-wave dispersion relations of the Roy-Steiner type is performed in Ref.,30
and precise parametrizations of the S, P , and D partial waves in the ππ → KK¯
scattering amplitude are obtained from the data.
3. Inelastic Meson-Meson Scattering from Effective Meson
Lagrangians
Irrespective of chiral symmetry, effective meson Lagrangians with explicit reso-
nances have been constructed to study meson-meson scattering. Let φs, φp, φ
µ
v ,
and φµνt stand for the fields of the scalar meson, the pseudoscalar meson, the vector
meson, and the tensor meson, respectively. For scattering between two pseudoscalar
mesons interaction terms of the Lagrangian given in Ref.33 are
Lpps = gppsmpφp(x)φp(x)φs(x), (7)
Lppv = gppvφp(x)∂µφp(x)φµv (x), (8)
Lppt = gppt 2
mpi
∂µφp(x)∂νφp(x)φ
µν
t (x), (9)
wheremp (mpi) is the mass of the pseudoscalar meson (pion); gpps (gppv, gppt) is the
coupling constant of the two pseudoscalar mesons and the scalar meson (vector me-
son, tensor meson). In scattering of two pseudoscalar mesons scalar mesons, vector
mesons, and tensor mesons are propagators in the s channel and the t channel. The
T -matrix elements in the coupled-channel case are obtained from the Lippmann-
Schwinger equations, and are used to get cross sections for meson-meson reactions
like π+π− → KK¯ . With Lppv isospin-averaged cross sections for ππ → KK¯,
ρρ → KK¯, πρ → KK¯∗, and πρ → K∗K¯ in vacuum have been obtained in Ref.34
via exchange of either a kaon or a vector kaon between the two initial mesons.
The cross sections depend on masses of initial and final mesons. The baryon-rich
medium created in intermediate-energy nucleus-nucleus collisions modifies meson
masses. Cross sections for the four reactions in medium may be obtained by using
in-medium meson masses.
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Starting from a meson Lagrangian different from that in Ref.,33 πK∗ → ρK,
πK∗ → ωK, πK∗ → φK, ρK∗ → πK, ωK∗ → πK, and φK∗ → πK have been
studied in Ref.35 In calculations of cross sections for these reactions in vacuum the
exchange of K1(1270) and K
∗
2 (1430) in the s channel, h1(1170) in the t channel,
etc. is taken into account.
4. Meson-Meson Reactions due to Quark Interchange
Meson A is made of quark q1 and antiquark q¯1, which may have different flavors,
and meson B consists of quark q2 and antiquark q¯2, which may also have different
flavors. In the collision of mesons A and B quark q1 and quark q2 interchange, and
then q2 and q¯1 combine to form meson C and q1 and q¯2 combine to form meson D.
This is the quark interchange mechanism36 which leads to the scattering A(q1q¯1) +
B(q2q¯2)→ C(q2q¯1)+D(q1q¯2). When an interaction takes place between constituents
of mesons A and B prior to quark interchange, the scattering is designated as the
prior form. When an interaction occurs between constituents of q2q¯1 and q1q¯2 after
quark interchange, the scattering is designated as the post form. In the prior form
of the scattering the color interaction between a constituent of meson A and a
constituent of meson B turns the color-singlet states A and B into color-octet
states of q1q¯1 and q2q¯2, respectively. During propagation of quarks and antiquarks
interchange of q1 and q2 causes q2 (q1) to find q¯1 (q¯2) to get the color-singlet state
C (D). In the post form quark interchange produces a color-octet state of q2q¯1 and
another color-octet state of q1q¯2. The color interaction between a constituent of q2q¯1
and a constituent of q1q¯2 makes q2q¯1 (q1q¯2) colorless so that the bound state C (D)
is formed.
The S-matrix element is37
Sfi = δfi − (2π)
4iδ(Ef − Ei)δ3(~Pf − ~Pi)
V 2
√
2EA2EB2EC2ED
(
Mpriorq1 q¯2 +Mpriorq¯1q2 +Mpriorq1q2 +Mpriorq¯1 q¯2
)
,
(10)
for scattering in the prior form or
Sfi = δfi − (2π)
4iδ(Ef − Ei)δ3(~Pf − ~Pi)
V 2
√
2EA2EB2EC2ED
(Mpostq1q¯1 +Mpostq¯2q2 +Mpostq1q2 +Mpostq¯1q¯2) , (11)
for scattering in the post form, where Ej is the energy of meson j; V is the volume
in which every meson wave function is normalized; Ei and ~Pi (Ef and ~Pf) are the
total energy and the total three-dimensional momentum of the two initial (final)
mesons, respectively; Mpriorq1 q¯2 , Mpriorq¯1q2 , Mpriorq1q2 , Mpriorq¯1q¯2 , Mpostq1q¯1 , Mpostq¯2q2 , Mpostq1q2 , and
Mpostq¯1 q¯2 are transition amplitudes. Mpriorq1q¯2 andMpostq1q¯1 are given by
Mpriorq1q¯2 =
√
2EA2EB2EC2ED
∫
d3pq1 q¯2
(2π)3
d3pq2 q¯1
(2π)3
ψ+q1q¯2(~pq1 q¯2)ψ
+
q2 q¯1(~pq2q¯1)Vq1 q¯2ψq1 q¯1(~pq1 q¯1)ψq2 q¯2(~pq2 q¯2), (12)
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Mpostq1 q¯1 =
√
2EA2EB2EC2ED
∫
d3pq1q¯1
(2π)3
d3pq2q¯2
(2π)3
ψ+q1 q¯2(~pq1 q¯2)ψ
+
q2 q¯1(~pq2 q¯1)Vq1 q¯1ψq1q¯1(~pq1 q¯1)ψq2 q¯2(~pq2 q¯2), (13)
where ~pab is the relative momentum of constituents a and b; ψab(~pab) is the mesonic
quark-antiquark wave function which is the product of the color wave function,
the flavor wave function, the spin wave function, and the relative-motion wave
function of a and b; ψ+ab is the Hermitean conjugate of ψab.Mpriorq¯1q2 (Mpriorq1q2 ,Mpriorq¯1 q¯2 )
is obtained by replacing Vq1 q¯2 in Eq. (12) with Vq¯1q2 (Vq1q2 , Vq¯1 q¯2), and Mpostq¯2q2
(Mpostq1q2 , Mpostq¯1 q¯2) by replacing Vq1 q¯1 in Eq. (13) with Vq¯2q2 (Vq1q2 , Vq¯1 q¯2). Vab is the
potential between a and b in momentum space, and is the Fourier transform of the
following expression in coordinate space:38
Vab(~r) = Vsi(~r) + Vss(~r), (14)
where ~r is the relative coordinate of a and b, Vsi the central spin-independent po-
tential, and Vss the spin-spin interaction.
The spin-independent potential depends on temperature T and below the critical
temperature Tc = 0.175 GeV is given by
Vsi(~r) = −
~λa
2
·
~λb
2
ξ1
[
1.3−
(
T
Tc
)4]
tanh(ξ2r) +
~λa
2
·
~λb
2
6π
25
v(λr)
r
exp(−ξ3r), (15)
where ξ1 = 0.525 GeV, ξ2 = 1.5[0.75 + 0.25(T/Tc)
10]6 GeV, ξ3 = 0.6 GeV, and
λ =
√
3b0/16π2α′ in which α′ = 1.04 GeV−2 and b0 = 11 − 23Nf with the quark
flavor number Nf = 4. ~λa are the Gell-Mann matrices for the color generators of
constituent quark or antiquark labeled as a. The dimensionless function v(x) is given
by Buchmu¨ller and Tye.39 The short-distance part of the spin-independent potential
originates from one-gluon exchange plus perturbative one- and two-loop corrections.
The intermediate-distance and large-distance part of the spin-independent potential
fits well the numerical potential which was obtained in the lattice gauge calcula-
tions.40 At large distances the spin-independent potential is independent of the
relative coordinate and obviously exhibits a plateau at T/Tc > 0.55. The plateau
height decreases with increasing temperature. This means that confinement becomes
weaker and weaker.
Denote the spin and the mass of constituent a by ~sa and ma, respectively. The
spin-spin interaction with relativistic effects36, 41, 42 is
Vss(~r) = −
~λa
2
·
~λb
2
16π2
25
d3
π3/2
e−d
2r2 ~sa · ~sb
mamb
+
~λa
2
·
~λb
2
4π
25
1
r
d2v(λr)
dr2
~sa · ~sb
mamb
, (16)
with
d2 = d21
[
1
2
+
1
2
(
4mamb
(ma +mb)2
)4]
+ d22
(
2mamb
ma +mb
)2
, (17)
where d1 = 0.15 GeV and d2 = 0.705.
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Vab(~r) at T = 0 provides a quark potential in vacuum, and for T > 0.6Tc does
so in hadronic matter that results from the quark-gluon plasma. Meson masses and
mesonic quark-antiquark relative-motion wave functions in coordinate space are de-
termined from the Schro¨dinger equation with Vab(~r). They depend on temperature.
The first term given in Eq. (15) stands for the confining potential. In the confine-
ment regime the mesonic quark-antiquark relative-motion wave functions mainly
determined by the confining potential are nonperturbative. At low energies near
threshold of A(q1q¯1) + B(q2q¯2) → C(q2q¯1) + D(q1q¯2) the nonperturbative part of
the q1q¯1 and q2q¯2 wave functions must overlap. Even though the distance of q2
and q¯1 (q1 and q¯2) is large, the nonperturbative correlation corresponding to the
nonperturbative part leads to formation of a bound state of q2 and q¯1 (q1 and q¯2)
during the hadronization of q1, q¯1, q2, and q¯2, i.e., meson C (D).
Since the sum of the spin operators of q1, q¯1, q2, and q¯2 commutes with the
potential Vab, the total spin of the two final mesons equals the one of the two initial
mesons. The following reactions have been considered in Ref.:43
I = 2 ππ → ρρ, I = 1 KK → K∗K∗, I = 1 KK∗ → K∗K∗,
I = 3/2 πK → ρK∗, I = 3/2 πK∗ → ρK∗,
I = 3/2 ρK → ρK∗, I = 3/2 πK∗ → ρK.
The seven isospin channels of these reactions are endothermic. The unpolarized
cross section is the average of the one for scattering in the prior form and the one
for scattering in the post form. Denote by
√
s the center-of-mass energy of the two
initial mesons. While
√
s increases from threshold, the cross section for each isospin
channel rises very rapidly from 0, arrives at a maximum value (peak cross section),
and decreases rapidly. The cross sections for these reactions change considerably
with the temperature of hadronic matter. For example, every reaction has a rising
peak cross section when the temperature becomes critical.
5. Meson-Meson Reactions due to Quark-Antiquark Annihilation
and Creation
A quark in an initial meson and an antiquark in another initial meson annihilate
into a gluon, and subsequently the gluon creates another quark-antiquark pair.
This quark-antiquark annihilation and creation causes two-to-two meson-meson
scattering, A(q1q¯1) + B(q2q¯2) → C(q3q¯1) + D(q2q¯4) from q1 + q¯2 → q3 + q¯4 and
A(q1q¯1) + B(q2q¯2) → C(q1q¯4) + D(q3q¯2) from q¯1 + q2 → q3 + q¯4. The S-matrix
element for A+B → C +D is44
Sfi = δfi − (2π)4iδ(Ef − Ei)δ3(~Pf − ~Pi) Maq1q¯2 +Maq¯1q2
V 2
√
2EA2EB2EC2ED
, (18)
whereMaq1 q¯2 and Maq¯1q2 are the transition amplitudes that may be written as:
Maq1 q¯2 =
√
2EA2EB2EC2ED
∫
d3pq1q¯1
(2π)3
d3pq2q¯2
(2π)3
ψ+q3 q¯1(~pq3 q¯1)ψ
+
q2 q¯4(~pq2 q¯4)Vaq1 q¯2ψq1 q¯1(~pq1q¯1)ψq2 q¯2(~pq2q¯2), (19)
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Maq¯1q2 =
√
2EA2EB2EC2ED
∫
d3pq1q¯1
(2π)3
d3pq2q¯2
(2π)3
ψ+q1 q¯4(~pq1 q¯4)ψ
+
q3 q¯2(~pq3 q¯2)Vaq¯1q2ψq1 q¯1(~pq1q¯1)ψq2 q¯2(~pq2q¯2), (20)
where Vaq1 q¯2 and Vaq¯1q2 are the transition potentials for q1 + q¯2 → q3 + q¯4 and
q¯1+q2 → q3+q¯4, respectively. The transition potentials have been derived in pertur-
bative quantum chromodynamics (QCD). Since the commutators of the transition
potentials and the sum of the four constituent spin operators do not equal zero, the
total spin of the two final mesons may not equal the one of the two initial mesons.45
The following reactions have been considered in Refs.:44, 45
ππ → KK¯, ππ → KK¯∗, ππ → K∗K¯, ππ → K∗K¯∗,
πρ→ KK¯, πρ→ KK¯∗, πρ→ K∗K¯, πρ→ K∗K¯∗,
ρρ→ K∗K¯∗, KK¯ → ρρ, KK¯∗ → ρρ, K∗K¯ → ρρ,
KK¯ → KK¯∗, KK¯ → K∗K¯, KK¯ → K∗K¯∗,
KK¯∗ → K∗K¯∗, K∗K¯ → K∗K¯∗,
πK → πK∗, πK → ρK,
I = 1 ππ → ρρ.
In some regimes these reactions receive contributions from quark-antiquark an-
nihilation and creation. Unpolarized cross sections for these reactions depend on
T and
√
s. The temperature dependence arises from the meson masses and the
quark-antiquark relative-motion wave functions of the initial and final mesons. With
increasing
√
s from the threshold energy, the cross section for any endothermic re-
action of these reactions at a given temperature increases very rapidly to a peak
cross section first, and then decreases or displays a plateau for some energy interval.
6. Meson-Meson Reactions due to Quark-Interchange as well as
Quark-Antiquark Annihilation and Creation
Transition amplitudes are proportional to flavor matrix elements. Flavor matrix
elements are calculated with flavor wave functions of initial and final mesons. If
the flavor matrix element of a reaction is zero, the reaction can not occur. The
flavor matrix element depends on the total isospin of the two initial or final mesons
and the mechanism (quark interchange, quark-antiquark annihilation and creation)
which causes the reaction. From the flavor matrix elements of ππ → ρρ we know
that ππ → ρρ for I = 2 is governed by quark interchange, ππ → ρρ for I = 1
by quark-antiquark annihilation and creation, and ππ → ρρ for I = 0 by quark
interchange as well as quark-antiquark annihilation and creation. Even though the
four reactions πK → ρK∗, πK∗ → ρK, πK∗ → ρK∗, and ρK → ρK∗ are governed
by quark interchange when I = 3/2, they are governed by quark interchange as well
as quark-antiquark annihilation and creation when I = 1/2. Therefore, some isospin
channels of reactions are governed by quark interchange as well as quark-antiquark
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annihilation and creation. The S-matrix element for this kind of scattering is44
Sfi = δfi − (2π)
4iδ(Ef − Ei)δ3(~Pf − ~Pi)
V 2
√
2EA2EB2EC2ED(
Mpriorq1 q¯2 +Mpriorq¯1q2 +Mpriorq1q2 +Mpriorq¯1 q¯2 +Maq1 q¯2 +Maq¯1q2
)
, (21)
for the scattering including the quark-interchange process in the prior form or
Sfi = δfi − (2π)
4iδ(Ef − Ei)δ3(~Pf − ~Pi)
V 2
√
2EA2EB2EC2ED(Mpostq1q¯1 +Mpostq¯2q2 +Mpostq1q2 +Mpostq¯1q¯2 +Maq1q¯2 +Maq¯1q2) , (22)
for the scattering including the quark-interchange process in the post form.
Unpolarized cross sections for ππ → ρρ for I = 0 have been obtained in Ref.44
and ones for πK → ρK∗ for I = 1/2, πK∗ → ρK for I = 1/2, πK∗ → ρK∗ for
I = 1/2, and ρK → ρK∗ for I = 1/2 have been obtained in Ref.46 Near threshold
quark interchange dominates the five channels near the critical temperature; in the
other energy region quark-antiquark annihilation and creation may dominate the
five channels.
7. Meson-Meson Reactions from Quark-Antiquark Annihilation
A quark in one initial meson and an antiquark in the other initial meson annihilate
into a gluon, and subsequently the gluon is absorbed by the other antiquark or
quark. This quark-antiquark annihilation leads to two-to-one meson-meson scatter-
ing. The reaction A(q1q¯1) +B(q2q¯2)→ H(q2q¯1) is caused by q1 + q¯2 + q¯1 → q¯1 and
q1 + q¯2+ q2 → q2, and A(q1q¯1) +B(q2q¯2)→ H(q1q¯2) is caused by q2 + q¯1+ q1 → q1
and q2 + q¯1 + q¯2 → q¯2. The S-matrix element for A+B → H is46
Sfi = δfi − (2π)4iδ(Ef −Ei)δ3(~Pf − ~Pi)Mrq1 q¯2 q¯1 +Mrq1 q¯2q2 +Mrq2q¯1q1 +Mrq2q¯1 q¯2
V
3
2
√
2EA2EB2EH
,
(23)
where Mrq1q¯2 q¯1 , Mrq1q¯2q2 , Mrq2 q¯1q1 , and Mrq2 q¯1 q¯2 are the transition amplitudes
that may be written as
Mrq1q¯2 q¯1 =
√
2EA2EB2EH
∫
d3pq1 q¯1
(2π)3
d3pq2 q¯2
(2π)3
ψ+q2 q¯1(~pq2 q¯1)Vrq1 q¯2 q¯1
ψq1 q¯1(~pq1q¯1)ψq2 q¯2(~pq2 q¯2), (24)
Mrq1q¯2q2 =
√
2EA2EB2EH
∫
d3pq1 q¯1
(2π)3
d3pq2 q¯2
(2π)3
ψ+q2 q¯1(~pq2 q¯1)Vrq1 q¯2q2
ψq1 q¯1(~pq1q¯1)ψq2 q¯2(~pq2 q¯2), (25)
Mrq2q¯1q1 =
√
2EA2EB2EH
∫
d3pq1 q¯1
(2π)3
d3pq2 q¯2
(2π)3
ψ+q1 q¯2(~pq1 q¯2)Vrq2 q¯1q1
ψq1 q¯1(~pq1q¯1)ψq2 q¯2(~pq2 q¯2), (26)
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Mrq2q¯1 q¯2 =
√
2EA2EB2EH
∫
d3pq1 q¯1
(2π)3
d3pq2 q¯2
(2π)3
ψ+q1 q¯2(~pq1 q¯2)Vrq2 q¯1 q¯2
ψq1 q¯1(~pq1q¯1)ψq2 q¯2(~pq2 q¯2), (27)
where Vrq1 q¯2 q¯1 (Vrq1 q¯2q2) represents the transition potential for the annihilation of
q1 and q¯2 into a gluon and the subsequent absorption of the gluon by q¯1 in meson
A (q2 in meson B); Vrq2 q¯1q1 (Vrq2 q¯1 q¯2) represents the transition potential for the
annihilation of q2 and q¯1 into a gluon and the subsequent absorption of the gluon
by q1 in meson A (q¯2 in meson B). The transition potentials have been derived from
the Feynman rules in perturbative QCD.
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Fig. 1. Unpolarized cross sections for pipi → ρ and piK → K∗ as functions of T/Tc.
The transition amplitudes result in cross sections for ππ → ρ and πK → K∗
in vacuum, which agree with empirical data.46 Unpolarized cross sections for
0.6 ≤ T/Tc < 1 are shown in Fig. 1. The weakening confinement with increasing
temperature makes combining the final quark and the final antiquark into a meson
more difficult, and thus reduces the cross sections. The temperature dependence of
the cross sections is remarkable.
8. Meson-Meson Reactions from Quark-Antiquark Creation
In the collision of mesons A(q1q¯1) and B(q2q¯2) a constituent quark or antiquark
may emit a virtual gluon which subsequently splits into quark q3 and antiquark q¯4.
If q¯4 and q1 combine into a meson, then q3 and q¯2 combine into another meson. If
q¯4 and q2 combine into a meson, then q3 and q¯1 combine into another meson. The
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quark-antiquark creation thus leads to the reaction A(q1q¯1)+B(q2q¯2)→ C1(q1q¯4)+
C2(q2q¯1) +C3(q3q¯2) and A(q1q¯1) +B(q2q¯2)→ C1(q1q¯2) +C2(q2q¯4) +C3(q3q¯1). The
S-matrix element for A+B → C1 + C2 + C3 is14
Sfi = δfi − (2π)
4iδ(Ef − Ei)δ3(~Pf − ~Pi)√
V 5
√
2EA2EB2EC12EC22EC3
(MD1 +MD2 +MD3 +MD4 +MD5 +MD6 +MD7 +MD8) , (28)
whereMDh (h = 1, · · ·, 8) are transition amplitudes.MD1 andMD5 may be written
as
MD1 =
√
2EA2EB2EC12EC22EC3
∫
d3pq2 q¯2
(2π)3
d3pq1 q¯4
(2π)3
ψ+q1 q¯4(~pq1 q¯4)ψ
+
q2 q¯1(~pq2 q¯1)ψ
+
q3 q¯2(~pq3 q¯2)VD1ψq1 q¯1(~pq1 q¯1)ψq2 q¯2(~pq2 q¯2), (29)
MD5 =
√
2EA2EB2EC12EC22EC3
∫
d3pq1 q¯1
(2π)3
d3pq2 q¯2
(2π)3
ψ+q1 q¯2(~pq1 q¯2)ψ
+
q2 q¯4(~pq2 q¯4)ψ
+
q3 q¯1(~pq3 q¯1)VD5ψq1 q¯1(~pq1 q¯1)ψq2 q¯2(~pq2 q¯2). (30)
MD2 (MD3 , MD4) is obtained by replacing d3pq2 q¯2d3pq1 q¯4VD1 in Eq. (29)
with d3pq1 q¯1d
3pq2 q¯2VD2 (d
3pq1 q¯1d
3pq2 q¯2VD3 , d
3pq1 q¯1d
3pq3 q¯2VD4), and MD6 (MD7 ,
MD8) by replacing d3pq1 q¯1d3pq2 q¯2VD5 in Eq. (30) with d3pq2 q¯2d3pq3 q¯1VD6
(d3pq1q¯1d
3pq2q¯4VD7 , d
3pq1q¯1d
3pq2q¯2VD8). VD1 (VD2 , VD3 , VD4) represents the tran-
sition potential for q1 → q1 + q3 + q¯4 (q¯1 → q¯1 + q3 + q¯4, q2 → q2 + q3 + q¯4,
q¯2 → q¯2 + q3 + q¯4) in A(q1q¯1) + B(q2q¯2) → C1(q1q¯4) + C2(q2q¯1) + C3(q3q¯2),
and VD5 (VD6 , VD7 , VD8) indicates the transition potential for q1 → q1 + q3 + q¯4
(q¯1 → q¯1 + q3 + q¯4, q2 → q2 + q3 + q¯4, q¯2 → q¯2 + q3 + q¯4) in A(q1q¯1) + B(q2q¯2) →
C1(q1q¯2) +C2(q2q¯4)+C3(q3q¯1). The transition potentials have been derived in per-
turbative QCD.
The following two-to-three meson-meson reactions are considered in Ref.:14
ππ → πKK¯, πK → ππK, πK → KKK¯, KK → πKK, KK¯ → πKK¯.
Unpolarized cross sections for these reactions have been obtained from the eight
transition amplitudes. At zero temperature the cross sections for πK → ππK for
I = 3/2 are near the experimental data. If the cross section for any reaction at
a given temperature has a maximum, then the peak cross section decreases as the
temperature approaches the critical temperature. By comparison with inelastic two-
to-two meson-meson scattering, we find that two-to-three meson-meson scattering
may be as important as inelastic two-to-two meson-meson scattering.
9. Multi Mesons produced in Meson-Meson Reactions
Meson-meson scattering is usually governed by a single Feynman diagram each, i.e.
one transition amplitude corresponds to one Feynman diagram at tree level. Denote
inelastic meson-meson scattering by A(q1q¯1)+B(q2q¯2)→ C1(q′1q¯′1)+ · · ·+Cn(q′nq¯′n),
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and let D1, · · ·,Dm stand for the Feynman diagrams. For diagram Di the transition
amplitude is written as
MDi =
√
2EA2EB2EC1 · · · 2ECn
∫
d3pab¯
(2π)3
d3pcd¯
(2π)3
ψ+q′
1
q¯′
1
(~pq′
1
q¯′
1
) · · · ψ+q′
n
q¯′
n
(~pq′
n
q¯′
n
)VDiψq1 q¯1(~pq1 q¯1)ψq2 q¯2(~pq2 q¯2), (31)
where pab¯ and pcd¯ are two of the mesonic quark-antiquark relative momenta, and
VDi is the transition potential corresponding to diagram Di. The expression holds
true for two-to-one, two-to-two, and two-to-three meson-meson scattering, but is as-
sumed to be true for two-to-four meson-meson scattering, two-to-five meson-meson
scattering, and so on. Let mA (mB) be the mass of meson A (B), and let Pj and Jj
(j = A,B,C1, · · ·, Cn) be the four-momentum and the angular momentum of meson
j with the magnetic projection quantum number Jjz , respectively. The unpolarized
cross section for A+B → C1 + · · ·+ Cn is
σunpol(
√
s, T ) =
1
(2JA + 1)(2JB + 1)
(2π)4
4
√
(PA · PB)2 −m2Am2B∫
d3PC1
(2π)32EC1
· · · d
3PCn
(2π)32ECn
δ(Ef − Ei)δ3(~Pf − ~Pi)∑
JAzJBzJC1z···JCnz
| MD1 + · · ·+MDm |2, (32)
10. Summary
We have seen that in solving physical problems precise parametrizations of scatter-
ing amplitudes of quite a few reactions have been given, and the T -matrix elements
for inelastic meson-meson scattering are obtained from the Lippmann-Schwinger
equations or by the generalization of the inverse amplitude method to multi chan-
nels. Starting from the χPT Lagrangians, the coupled-channel unitary approaches
and the inverse amplitude method offer more insights into the strong interaction
through meson-meson scattering. However, the approaches and the method based
on meson degrees of freedom remain in vacuum.
For two mesons in the ground-state pseudoscalar octet and the ground-state
vector nonet, their scattering may be caused at tree level by one or two of the
processes: quark interchange, quark-antiquark annihilation, quark-antiquark cre-
ation, and quark-antiquark annihilation and creation. The transition potentials cor-
responding to quark-antiquark annihilation, quark-antiquark creation, and quark-
antiquark annihilation and creation have been derived in QCD. From these pro-
cesses two-to-one meson-meson scattering, two-to-two meson-meson scattering, and
two-to-three meson-meson scattering have been studied. The transition amplitudes
are composed of the transition potentials and the mesonic quark-antiquark wave
functions of which the relative-motion part is the solution of the Schro¨dinger equa-
tion with the temperature-dependent quark potential. Unpolarized cross sections
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obtained from the transition amplitudes depend not only on the center-of-mass en-
ergy of the two initial mesons but also on the temperature of hadronic matter. From
vacuum to hadronic matter the cross sections change considerably, and the influence
of hadronic matter on inelastic meson-meson scattering is remarkable.
Finally, particular attention is paid to two current subjects revealed by experi-
ments at the LHC. One subject is the large CP asymmetry in the charmless three-
body decay modes of B mesons. One needs to answer how large is the contribution
of inelastic meson-meson scattering to the CP asymmetry, and whether future ex-
periments can give more new decay modes in which the CP violation is influenced
by inelastic meson-meson scattering. Another subject is the strong interaction be-
tween hadronic matter and a meson with a large momentum. For Pb-Pb colli-
sions at
√
sNN = 5.02 TeV the CMS data
47 and the ATLAS data48 show that the
prompt-J/ψ nuclear modification factor stays unchanged when the J/ψ transverse
momentum goes from 8 GeV/c to 18 GeV/c. The unchanged nuclear modification
factor is nontrivial! The mechanism where three or more mesons are produced in
a collision of a light meson and a charmonium plays a key role in understanding
the unchanged nuclear modification factor.49 Inelastic meson-meson scattering is
certainly important to a high-momentum meson penetrating hadronic matter.
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